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Certified curve 
tracking

Given: a regular curve ,                   
an (approximate) point  on  , and a compact region  
that contains .  

Starting at , track along the curve  in a certified 
manner until a stopping criterion is satisfied. 

Possible stopping criteria: 

• Track until the computed curve hits the boundary of , 
or 

• conclude that the curve is closed.

C ∈ ℝ[X1, …, Xn]n−1
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C = {x3 − 2.9995x − y2 + 2}
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where 

C = {x8 − (1 − ϵ)x6 + 4x6y2 − (3 + 15ϵ)x4y2 + 6x4y4

−(3 − 15ϵ)x2y4 + 4x2y6 − (1 + ϵ)y6 + y8}
ϵ = .99



Homotopy tracking finds solutions to a polynomial system 
by tracking homotopy 

. 

Solve  (target system) by constructing a homotopy with  
 (start system) whose solutions are known. 

H(X; t) = (1 − t)γg(X) + tf(X), t ∈ [0,1]

f
g

t = 1t = 0

F(x)G(x)

Motivations 
Certified homotopy tracking
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Homotopy tracking finds solutions to a polynomial system 
by tracking homotopy 

. 

Solve  (target system) by constructing a homotopy with  
 (start system) whose solutions are known. 

A homotopy  has one more variable than equations 
( ). 

Likewise, a curve  has one more variable than equations 
( ).

H(X; t) = (1 − t)γg(X) + tf(X), t ∈ [0,1]

f
g

H(x; t)
H(X; t) := {h1(X; t), …, hn(X; t)} ⊂ ℂ[X1, …, Xn, t]

C
C := {c1, …, cn−1} ⊂ ℝ[X1, …, Xn]

t = 1t = 0

F(x)G(x)

Motivations 
Certified homotopy tracking
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using Newton’s method
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Predictor-corrector method
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A path-jumping may occur when there is a nearby path.
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Motivations 
Computing the geometry        
of curves

For a given curve in , compute an isotopic 
approximation to the curve. 

Katsamaki-Rouillier-Tsigaridas-Zafeirakopoulos 2023: 
For a parametric curve in  

Burr-Byrd 2024: Certified approximation for curves in 

ℝn

ℝn

ℝ2



Interval 
arithmetic

Interval arithmetic executes reliable computation, 
mitigating rounding error 

• Addition: 

 

• Multiplication: 

 

ex)Approximate  using Newton’s method:   

  

  

 

[x1, x2] + [y1, y2] = [x1 + y1, x2 + y2]

[x1, x2] ⋅ [y1, y2]
= [min{x1y1, x1y2, x2y1, x2y2}, max{x1y1, x1y2, x2y1, x2y2}]

2 f(X) = X2 − 2, x0 = 1

x1 = 1.5, x2 = 1.4167, x3 = 1.414213562

x4 = 1.4142135623731

2 = 1.4142135623731⋯https://en.wikipedia.org/wiki/Interval_arithmetic
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Interval 
arithmetic

Interval arithmetic executes reliable computation, 
mitigating rounding error 

• Addition: 

 

• Multiplication: 

 

ex) Approximate  using Newton’s method:   

  

  

  

How to prove the correctness of Newton iterations?

[x1, x2] + [y1, y2] = [x1 + y1, x2 + y2]

[x1, x2] ⋅ [y1, y2]
= [min{x1y1, x1y2, x2y1, x2y2}, max{x1y1, x1y2, x2y1, x2y2}]

2 f(X) = X2 − 2, x0 = 1

x1 = 1.5, x2 = 1.4167, x3 = 1.414213562

x4 = 1.4142135623731

2 = 1.4142135623731⋯https://en.wikipedia.org/wiki/Interval_arithmetic



Krawczyk 
method

The Krawczyk method combines interval arithmetic and Newton’s method. 
For a system , an interval box  with a point , 
and an  invertible matrix , define the Krawczyk operator  

 

f : ℝn → ℝn B := [−1,1]n x
n × n Y

x − Yf(x) + (Id − Y □
df
dx

(x + rB)) B
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Theorem (Krawczyk 1969). For a radius  and a constant , if  

, 

Then, there is a unique solution  to   in .  
Also, Newton iteration applied at a point in  converges to .  
In this case, we say that  is a -approximate solution to .

f : ℝn → ℝn B := [−1,1]n x
n × n Y

x − Yf(x) + (Id − Y □
df
dx

(x + rB)) B

r ρ ∈ (0,1)

x − Yf(x) + (Id − Y □
df
dx

(x + rB)) B ⊂ ρ(x + rB)

x⋆ f x + rB
x + rB x⋆

x ρ F



Krawczyk 
method

The Krawczyk method combines interval arithmetic and Newton’s method. 
For a system , an interval box  with a point , 
and an  invertible matrix , define the Krawczyk operator  

 

Theorem (Krawczyk 1969). For a radius  and a constant , if  

, 

Then, there is a unique solution  to   in .  
Also, Newton iteration applied at a point in  converges to .  
In this case, we say that  is a -approximate solution to .

f : ℝn → ℝn B := [−1,1]n x
n × n Y

x − Yf(x) + (Id − Y □
df
dx

(x + rB)) B

r ρ ∈ (0,1)

x − YH(x; T )+(Id − Y □
dH
dx

(x + rB; T )) B ⊂ ρ(x + rB)

x⋆ f x + rB
x + rB x⋆

x ρ F



Krawczyk 
method

The Krawczyk method combines interval arithmetic and Newton’s method. 
For a system , an interval box  with a point , 
and an  invertible matrix , define the Krawczyk operator  

 

Theorem (Krawczyk 1969). For a radius  and a constant , if  

, 

Then, there is a unique solution  to   in .  
Also, Newton iteration applied at a point in  converges to .  
In this case, we say that  is a -approximate solution to . 

In certified homotopy tracking, the Krawczyk method is applied to the 
homotopy  over an interval .

f : ℝn → ℝn B := [−1,1]n x
n × n Y

x − Yf(x) + (Id − Y □
df
dx

(x + rB)) B

r ρ ∈ (0,1)

x − YH(x; T )+(Id − Y □
dH
dx

(x + rB; T )) B ⊂ ρ(x + rB)

x⋆ f x + rB
x + rB x⋆

x ρ F

H(X; t) T ⊂ [0,1]



t = 1t = 0

G(x) F(x)



t = 1t = 0

G(x)

Construct an interval tube. 
Apply the Krawczyk method to 
check the existence and uniqueness

F(x)



t = 1t = 0

G(x) F(x)

Compute a compact region (that is 
obtained by a union of interval 
tubes) covering the solution path
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Rotating the curve 
enables efficient tracking

For effective tracking, apply a unitary transformation 
(rotation) at each step to align the tangent vector 
vertically.
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For effective tracking, apply a unitary transformation 
(rotation) at each step to align the tangent vector 
vertically. 
A unitary transformation is computed via SVD using 
interval arithmetic. 
For a curve 
and a point ,  
compute the SVD  and define  

 and .  
Then, .  
Since  is an  matrix, .

C := {c1, …, cn−1} ⊂ ℝ[X1, …, Xn]
x ∈ ℝn

JC(x) = UΣV⋆

̂x := V⋆x Ĉ(X) := U⋆C(VX)
JĈ( ̂x) = U⋆JC(x)V = U⋆(UΣV⋆)V = Σ
Σ (n − 1) × n ker JĈ( ̂x) = ⟨en⟩
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Apply a unitary transformation on  such that the 

rotated curve  satisfies .

C
Ĉ ker JĈ( ̂x) = ⟨en⟩

x
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Refine  using the Krawczyk method  
to get a “nice” approximation  
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• Obtains a good approximation to track. 
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r

x + (0n−1 × r[−1,1])

x

̂x

Curve tracking: 
algorithm overview 
Refine



Apply a unitary transformation on  such that the 

rotated curve  satisfies . 

Refine  using the Krawczyk method  
to get a “nice” approximation  
( -approximate solution) to . 

Refine does two things: 
• Obtains a good approximation to track 

• Computes a radius  for the Krawczyk method 

Caveat: We should refine 

C
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Starting from a “nice” approximation,  
compute a predictor for the curve. 
Construct an interval tube (i.e. track the curve) 
using the method of DL 2024 or GL 2024 and 
apply the Krawczyk method with . τ ≫ ρ
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Starting from a “nice” approximation,  
compute a predictor for the curve. 
Construct an interval tube (i.e. track the curve) 
using the method of DL 2024 or GL 2024 and 
apply the Krawczyk method with . τ ≫ ρ
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Curve tracking: 
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Duff-Lee 2024 Guillemot-Lairez 2024

̂x
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A tubular neighborhood of 
 

How to remove the overlapped 
intervals in the tubular 
neighborhood?

C = {x3 − 2.9995x − y2 + 2}

Rectangular boxes are generated 
due to the wrapping effect.

Neubauer-Grosu 2022
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Future 
directions

• Homotopy tracking with curve rotation 
- Can this improve tracking efficiency? 
- Will it have larger predictor steps? 

• Certified approximation in higher dimensions 

• Complexity analysis 
- The number of iterations to terminate? 
- The minimal step-size?



Thank you for your attention!

Registration and travel support for this presentation was provided by the National Science Foundation.


