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My research interests are in applied algebraic geometry which is also called nonlinear algebra.
One of the basic problems in algebraic geometry studies solutions of polynomial equations. The
word ‘applied’ means that its methods are not only applied but also combined with methods from
other fields of mathematics such as numerical and complex analysis, combinatorics, and topology.
Algorithms for realizing theories, the applications associated with other fields, and certification for
checking their correctness are aspects of nonlinear algebra that incite my interest.

Solving polynomial systems via methods of symbolic computation often involves costly Gröbner
bases computation. Numerical algebraic geometry, on the other hand, involves approximates that
may produce results faster but may require verification. Our work in [8] approaches this problem
numerically using homotopy continuation and monodromy group action. We focus on the mon-
odromy action induced from a generic choice which permutes the solutions of the system to deal
with a polynomial system chosen generically from a parametrized space of polynomial systems. Our
paper [17] implements algorithms for finding real roots of polynomial systems using the polyhedral
homotopy continuation. Both papers show how algorithms in nonlinear algebra can be effective on
solving various kinds of systems of equations.

Advances in algorithms allow the use of algebraic geometry in many applications involving poly-
nomial system solving. Good examples are my papers [18] and [19]. The first paper demonstrates
numerical algebraic geometry approaches to the problem of analytic combinatorics in several vari-
ables. The second paper deals with the generalized Nash equilibrium problem using the polyhedral
homotopy continuation. Two problems both can be translated into a problem of solving a polyno-
mial system and similar numerical techniques are successful in these seemingly distant applications.

My research also focuses on certifying the output of such numerical algorithms. Numerical
methods with floating point arithmetic have a problem that their outputs are not guaranteed
to be correct. Our paper [4] devises a general framework for certifying a nonsingular root of a
system with analytic equations using Krawczyk method and Smale’s α-theory. The paper [16]
demonstrates a Macaulay2 package NumericalCertification implementing this framework for
certifying solutions of polynomial systems. As a further expansion, the work with Burr and Leykin
[5] deals with singular root certification using certified cluster isolation via the method of inflation.

Besides numerical algebraic geometry, my research extends to the field of combinatorics, real
algebraic geometry, and tropical geometry. Our work in [1] considers a real symmetric matrix
low-rank completion problem, i.e. completing a given generic partial real symmetric matrix to get
the lowest possible rank which is called a typical rank. My ongoing project with Cai, Hill and Yu
relates this problem with the space of matrices of tropical symmetric rank 2 from the perspective
of tropical convexity.

I have briefly described above the projects in various stages of completion. What follows is the
detailed explanation of the projects and related future directions.

Algorithms for solving a system of equations

We discuss a series of projects about algorithms for solving a system of equations. The perfor-
mance of finding numerical solutions using the homotopy continuation is greatly influenced by the
choice of a start system. A naive choice of a start system may result in expensive computation or
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Figure 1. 3 edges connect 2 vertices in the base space. The picture on the left
shows that 3 edges also connect the fibers. The picture on the right shows its
correspondence. For example, in (a) x1 uses the blue edge to get y1, and in (b) y1
uses the black edge to get x2 and so on.

producing too many uninterested solutions. It can be remedied by devising an algorithm working
for a specific family of systems of equations or special situations.

Solving polynomial systems via monodromy. The project started in 2016 [8] establishes a
numerical method that uses monodromy group and homotopy continuation. We first consider a
base space B isomorphic to Cm which parametrizes a space of polynomials systems linearly. We
exclude the set of irregular loci D and to each point p ∈ B \D consider a polynomial system Fp.
Each Fp in the family shares the same monomials but has different coefficients represented by p.
A generic choice of regular p induces the monodromy action which permutes the solutions of the
system Fp. We would like to find all solutions of Fp under assumptions that the monodromy action
is transitive and the number of solutions is finite.

Our idea is to construct an undirected multigraph G = (V,E) on B chosen by users. The graph G
is for recording data of found solutions. Edges of G correspond to homotopies between polynomial
systems, and vertices of G are known solutions of the system. As we track an edge of G, we obtain
new solutions on each fiber in the covering space. Each vertex records these known solutions and
the new solutions, and it tracks edges of G until we find all solutions. Figure 1 displays an example
of how this algorithm actually works.

The algorithm is implemented as Macaulay2 [10] package MonodromySolver. Our implementa-
tion shows more effective performance than existing softwares especially when the system is more
complicated than a sparse system. Examples from chemical reaction networks and the degree of the
special orthogonal group are used to demonstrate the capabilities of our framework. The additional
considerations for probabilistic analysis and parallelization were done in [2].

The polyhedral homotopy for finding real roots. In joint work [17] with Lindberg and
Rodriguez, we implement the polyhedral homotopy method for finding real roots. The theory
for the real polyhedral homotopy was established in [9] which combines the polyhedral homotopy
[15] and Viro’s patchworking for complete intersections [23]. It notes the fact that the number of
real roots doesn’t change if a homotopy path doesn’t cross the discriminant locus. Considering a
log |C|-lifting of each monomial, we obtain a homotopy whose paths don’t cross the amoeba of the
discriminant locus. The log |C|-lifting induces a collection of binomial systems whose real solutions
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can be found readily by linear algebra. For a family of polynomial systems passing a certain process
of certification, it is guaranteed to find all real solutions using the homotopy obtained.

Our implementation is released as a Julia package RealPolyhedralHomotopy.jl. Our paper
foreshadows further study on effective real polyhedral homotopy algorithm. I pose the following
question for an extension of the research.

Question 1. The current algorithm checks all binomial start systems at once if the homotopy paths
cross the discriminant locus. Can we check this for each binomial system separately? It will give
more flexibility in applying the real polyhedral homotopy.

Solving a system of equations and its applications

I am interested in discovering a useful aspect of numerical algebraic geometry as a tool for
approaching problems in other areas. Capturing a geometric description of a problem and transi-
tioning it into a polynomial system make this discovery possible. In this section, we discuss how
techniques in numerical algebraic geometry provide approaches to problems in combinatorics and
game theory.

Homotopy techniques for analytic combinatorics in several variables. The project started
in 2021 [18] establishes a numerical method for problems in analytic combinatorics in several vari-
ables. Let (fn)n∈N be a sequence of complex numbers with generating function F (z) =

∑
n≥0 fnz

n.
The field of analytic combinatorics studies the asymptotic behavior of fn through an analytic prop-
erty of F (z). Recently, a theory of analytic combinatorics in several variables arises for studying
the analytic properties of a multivariate rational function

F (z) =
∑
i∈Nd

fiz
i =

∑
i∈Nd

fi1,...,idz
i1
1 · · · z

id
d

from the asymtotic behavior of its coefficient sequence (fi)i∈Nd . The asymptotic behavior is deter-
mined by the behavior of F at minimal critical points which are singularities close to the origin
coordinate-wisely. As critical points satisfy a square polynomial system called a system of critical
point equations, the techniques for solving polynomial systems become relevant.

For a rational function F (z) = G(z)
H(z) , it is called combinatorial when its power series coefficients

are all nonnegative. The paper [22] of Melczer and Salvy derived polynomial systems for finding
minimal critical points for combinatorial and non-combinatorial cases. In combinatorial case, a
point w ∈ Rd

>0 is a minimal critical point of F if and only if the system

H(z) = H(tz1, . . . , tzd) = 0

z1Hz1(z)− r1λ = · · · = zdHzd(z)− rdλ = 0
(1)

has a solution (z, λ, t) ∈ Rd+2 with z = w and t = 1, and no solution z = w and 0 < t < 1. If F
is not combinatorial, checking minimality with only critical points with positive real coordinates
are not enough. Therefore, we consider the real and imaginary decomposition of the polynomial
H(x + iy) = HR(x,y) + iHI(x,y). Hence, we obtain the system of polynomial equations

HR(a,b) = HI(a,b) = 0

ajH
R
xj

(a,b) + bjH
R
yj (a,b)− rjλR = 0

ajH
I
xj

(a,b) + bjH
I
yj (a,b)− rjλI = 0

x2j + y2j − t(a2j + b2j ) = 0

(ν1yj − ν2xj)HR
xj

(x,y)− (ν1xj + ν2yj)H
R
yj (x,y) = 0

(2)
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for finding minimal critical points. A point p + iq is a minimal critical point if there is a solution
(a,b,x,y,λ,ν, t) of the system with (a,b) = (p,q) but none of the has 0 < t < 1. We solve
the system for the combinatorial case using the polyhedral homotopy and the system for the non-
combinatorial case using the polyhedral homotopy and monodromy.

We implement the algorithm as a Julia package ACSVHomotopy.jl. Our implementation shows
more effective performance than existing software for the combinatorial case especially when the
denominator of F has higher degree or random coefficients. Also, it is the first known software for
dealing with the non-combinatorial case. I pose the following question for further research in this
direction.

Question 2. A further study on the geometric properties of the system (2) could help make nu-
merical approaches more powerful. What can we say about a zero set of (2)? What is a degree?
How many irreducible components it has?

The polyhedral homotopy method for generalized Nash equilibrium problems. The
generalized Nash equilibrium problem (GNEP) is a family of games to find strategies for a group
of players such that every player’s objective function is optimized. A GNEP for N -player game
can be considered as a problem for finding a generalized Nash equilibrium (GNE) u = (u1, . . . , uN )
such that for given u−i = (u1, . . . , ui−1, ui+1, . . . , uN ), each ui ∈ Rni is a minimizer for{

min
xi∈Rni

fi(xi, u−i)

s.t xi ∈ Xi(u−i)

where Xi = {xi ∈ Rni | gi,j(xi, x−i) = 0 for j ∈ Ei, gi,j(xi, x−i) ≥ 0 for j ∈ Ii} is a feasible set
consists of polynomial equality and inequality constraints. The project started in 2020 [19] studies
the polyhedral homotopy approach on GNEP. Under some constraint qualifications, each GNE
satisfies the KKT conditions

∇xifi(x)−
mi∑
j=1

λi,j∇xigi,j(x) = 0, (i ∈ {1, . . . , N})

λi,jgi,j(x) = 0, gi,j(x) = 0, (i ∈ {1, . . . , N}, j ∈ Ei)
λi,j ≥ 0, gi,j(x) ≥ 0, (i ∈ {1, . . . , N}, j ∈ Ii).

for some Lagrange multiplier vectors λi, . . . , λN . It gives a set of polynomials

Fi(x, λi)


∇xifi(x)−

mi∑
j=1

λi,j∇xigi,j(x) = 0

λi,jgi,j(x) = 0 for j ∈ Ei
gi,j(x) ≥ 0 for j ∈ Ii

From each Fi, we define the KKT system F (x, λ1, . . . , λN ) =
⋃N

i=1 Fi(x, λi) which is a square
system. One of our main contributions is theoretical proof that the polyhedral homotopy can be
optimal for solving this system.

Theorem 3. Suppose all fi and gi,j are generic dense polynomials in C[x]di,0 and C[x]di,j re-
spectively. Then, the KKT system has the mixed volume many isolated solutions over the torus
C \ {0}.

Using the polyhedral homotopy, we devise the algorithm for solving GNEPs. When, the poly-
hedral homotopy finds the mixed volume many solutions for the KKT system, then all GNEs can
be found or we can detect the non-existence of GNEs. Our algorithm shows more effective perfor-
mance than existing methods especially when the feasible sets Xi are non-convex. Moreover, we
find GNEs of some benchmark examples that were never detected from other optimization-based
algorithms.
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Certifying numerical solutions to a system of equations

Numerical algorithms for solving systems of equations mostly rely on heuristic. Therefore, cer-
tification for checking its correctness is required. For given a compact region I in Cn (or Rn)
and a square system F : Cn → Cn, we apply algorithms to check the existence and uniqueness
of a solution of F in I. Here are explanations of my works related to certification for numerical
solutions.

Macaulay2 package NumericalCertification. The paper [16] introduces a Macaulay2 package
NumericalCertification. It implements Smale’s α-theory and Krawczyk method [4] for regular
solution certification and a deflation method [20] for soft verification of a singular solution. It is the
first internal Macaulay2 package for root certification. When users solve the system numerically
via Macaulay2, solutions can be certified inside Macaulay2 without using other external solvers.
Also, it provides two methods which have different advatages and disadvantages. The Krawczyk
method allows more crude input than α-theory, but α-theory has a better rate of convergence. Users
can choose an appropriate method depending on their problems. Lastly, it provides a Macaulay2
interface of alphaCertified [13, 14]. It runs with inputs internally obtained from Macaulay2
so that makes easier use of alphaCertified possible. These features surpass the limitation of
HomotopyContinuation.jl [3] and alphaCertified in several applications.

Certified cluster isolation via inflation. When a system of equations is solved by a numerical
solver, numerical approximations of a singular solution form a cluster. Isolating this cluster gives an
idea for certifying a singular solution. In [7], the authors considered this for a root with multiplicity
2. In [6], the authors considered the method of inflation to extend the idea. The paper [5] started
in 2021 generalizes the idea of inflation.

For a given square system F : Cn → Cn of analytic functions, the cluster isolation computes
regions R0, R1 ∈ Cn and a natural number k such that (1) R0 ⊂ R◦1, (2) R0 has k solutions of
F and (3) there is no zero of F in R1 \ R0. For a given system F , applying a suitable change of
coordinates, we may assume that a singular solution is located at the origin. The inflation is the
map S(xi) = xdii with a proper positive integer di making the initial forms of F ◦ S doesn’t vanish
on the unit sphere and has the same total degree d. For the inflated system F ◦ S, we find a lower
bound M on the norm of the initial forms of F ◦S on the unit sphere. Then, bound all variables in
non-initial forms of the system by ε, and find values of ε until the lower bound on the initial form
Mεd dominates the upper bound of non-initial forms. These values of ε determine the regions R0

and R1. Lastly, applying Rouché’s theorem, we have the number of roots k of the system F ◦ S in
the unit sphere.

The inflation method provides more geometric information about the cluster than previously
known works [7],[12]. We also provide a way to isolate the cluster for systems of equations that the
inflation is not available.

Real symmetric matrix completion

In this section we describe the low-rank real symmetric matrix completion problem. Given a
partially specified symmetric matrix, we complete the matrix with real numbers in a way that we
achieve the lowest possible rank. Real symmetric matrix completion was considered in [11], and
the authors also found its application to the maximum likelihood threshold of a Gaussian graphical
model. Our work [1] deals with this problem by encoding a symmetric matrix M with a semisimple
graph G = (V,E), i.e. a simple graph that allows a loop on its vertices, such that entries Mij = Mji

of M are specified if (i, j) ∈ E for the corresponding graph. We prove which semisimple graphs
have the largest possible rank and characterize semisimple graphs with relatively small completion
ranks.
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The ongoing joint work with Cai, Hill and Yu studies this problem for tropical symmetric rank
from the viewpoint of tropical convexity. For a given n× n matrix of tropical rank 2, the tropical
convex hull of the column vectors is of dimension 1, hence it is a tree. In [21], the authors construct
a metric tree on 2n leaves with labels 1, 2, . . . , n, 1′, 2, . . . , n′ as follows. Label a leaf labeled i at
the i-th column vector of the matrix. Attaching infinite rays in coordinate directions, consider the
convex hull as a balanced 1-dimensional polyhedral complex. Label a leaf labeled j′ at the j-th
coordinate direction. The leaves with labels are considered to have infinite length while the internal
edges have finite length induced from the matrix. We call these trees as bicolored trees.

If we consider an n×n symmetric matrix of tropical rank 2, then its bicolored tree has symmetry.
We study the combinatorics of the symmetric bicolored trees to understand the space of symmetric
matrices with tropical rank 2. We have the following conjecture.

Conjecture 4. The space of symmetric matrices with tropical rank 2 has simplicial complex struc-
ture as symmetric bicolored trees.

Furthermore, by restricting matrices with tropical symmetric rank 2, we may consider additional
characterization.

Conjecture 5. A real symmetric matrix M ∈ Rn×n has tropical symmetric rank 2 if and only if
its corresponding symmetric bicolored tree has an embedding in R2 and is symmetry about a line.

We are interested in how the space of real matrices with tropical symmetric rank 2 can be
understood from the point of view of the matrix completion problem. I pose the following question
to extend the research.

Question 6. For an n×n real symmetric matrix, to achieve tropical symmetric rank 2, what entries
can be chosen independently? Can we describe the patterns of entries using symmetric bicolored
trees?
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