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Tropical algebra

tropical semiring Rules 0
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Tropical algebra

tropical semiring RV is 0

where y min x.gs

of y

tropical matrix

a matrix with entries in the

tropical semiring
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Linear algebra

we say that a matrix has rank r

if all its rti x rtl minors vanish
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we say that a matrix has rank r

if all its rti x rti minors vanish

MAIN INTEREST

study a tropical counterpart of rank
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Tropicalization

K a field with a valuation

e.g C or 4414
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Tropicalization

K a field with a valuation

e.g C or 4444

Putreux series

fat Cax trop f w YEIn uala tÉYw
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Tropical varieties

Define

trop Ufl




















































































Tropical varieties

Define

trop Ufl wer the min of tropffly
attained twice




















































































Tropical varieties

Define

trop Ufl were the min of tropffly
attained twice

tropical hypersurface
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Define

trop Ufl were the min of tropffly
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ex f xtyt1
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Tropical varieties

Define

trop Ufl were the min of tropffly
attained twice
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Tropical varieties

Define

trop Ufl were the min of tropffly
attained twice

I an ideal in KEY Xn
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Tropical varieties

Maclagan Sturmfels textbook Theorem 3.3.5

if V irreducible of d dimensional

then trop v is the support of

of a balanced fan of pure dimension d
that is connected thru codimension 1
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Tropical varieties

Maclagan Sturmfels textbook Theorem 3.3.5

if V irreducible of d dimensional

then trop v is the support of

of a balanced fan of pure dimension d
that is connected thru codimension 1

tropical variety has a polyhedral structure
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Tropical rank

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish




















































































Tropical rank

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish
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Tropical rank

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish

22 23a

3 3 minor

13 2231 12 73 31 13 21 32 11 23 32 12 21 33 11 22 33




















































































Tropical rank

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish

22 23e

tropical 3 3 minor

130 220 31 120 230 31 130 21 32 11 230 32 120210 33 110 22033




















































































Tropical rank

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish

a

tropical 3 3 minor vanishes if
130 220 31 120 230 31 130 21 32 11 230 32 120210 33 110 22033

attains the minimum twice




















































































Tropical rank

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish

22 23e

tropical 3 3 minor vanishes if
13 22 7 31 127 237 31 13 zit 32 it 23 1 32 127 217 33 Xiit 227 33

attains the minimum twice




















































































Tropical rank

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish
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the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish
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the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish
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Tropical rank

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish

ex
s

21 32 t 13 12 23 t 31 0

tropical rank 2




















































































Symmetric
Tropical rank

symmetric

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish
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Tropical rank

symmetric

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish
including symmetric
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Tropical rank

symmetric

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish
including symmetric

ex
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Tropical rank

symmetric

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish
including symmetric

ex
s

minors

21 32 t 13 Xiz 423 t 31 0
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Symmetric
Tropical rank

symmetric

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish
including symmetric

minors
ex

s

21 32 t 13 12 23 t 31 0

21 32 13

symmetric tropical rank 3
even though it is tropical rank 2




















































































Symmetric
Tropical rank

symmetric

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish
including symmetric

ex s 897
minors

0 0




















































































Symmetric
Tropical rank

symmetric

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish
including symmetric

ex 89 minors

0 0

1st 22 31




















































































Symmetric
Tropical rank

symmetric

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish
including symmetric

minors
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Symmetric
Tropical rank

symmetric

the tropical matrix A has tropical rank r

if all its rti rti tropical minors vanish
including symmetric

minors
ex

s

1st 22 t 3 12 21 33 0

symmetric tropical rank 2




















































































Q How to represent tropical rank 2
matrices combinatorially




















































































Q How to represent tropical rank 2
matrices combinatorially

A Tropical convexity




















































































Tropical convexity

CR is called tropically convex

if for any eye a be R

ao boy e




















































































Tropical convexity

V a set in 112




















































































Tropical convexity

V a set in 112

conu V tropical convex hall

the smallest f convex set

containing V




















































































Tropical convexity

V a set in 112

conu V tropical convex hall

the smallest f convex set

containing

Remark If f is tropically
convex

then STRICS
Hence we work on 112

1




















































































Develin Santos Sturmfels 2005

M an nxd tropical matrix

troprank M r dim ton of r 1
columns of H
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M an nxd tropical matrix

troprank M r dim ton of
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r 1
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Develin Santos Sturmfels 2005

M an nxd tropical matrix

troprank M r dim ton of r 1
columns of H

ex trop rank 2 con tree
1 2

I
of X1 X2




















































































Markwig Yu 2009

the space of tropical rank 2 matrices

form a simplicial fan structure of
bicolored trees
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Cat L Yu

the space of symmetric trop rank 2

form a simplicial fan structure of




















































































Cat L Yu

the space of symmetric trop rank 2

form a simplicial fan structure of
symmetric bicolored trees

symbic trees




















































































Cat L Yu

the space of symmetric trop rank 2

form a simplicial fan structure of
symmetric bicolored trees

symbic trees

exit
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the space of symmetric trop rank 2

form a simplicial fan structure of
symmetric bicolored trees
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the space of symmetric trop rank 2

form a simplicial fan structure of
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symbic trees
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the space of symmetric trop rank 2

form a simplicial fan structure of
symmetric bicolored trees

symbic trees
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the space of symmetric trop rank 2

form a simplicial fan structure of
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Cat L Yu

the space of symmetric trop rank 2

form a simplicial fan structure of
symmetric bicolored trees

symbic trees

ex v2 I

x ̅
T of
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X inaicaeranks




















































































Cat L Yu

the space of symmetric trop rank 2

form a simplicial fan structure of
symmetric bicolored trees

symbic trees

ex if I v

I
OT OT of
o o

not symmetric




















































































Cat L Yu

the space of symmetric trop rank 2

form a simplicial fan structure of
symmetric bicolored trees

symbic trees

eat I
I the point 0 located

at the origin




















































































Cat L Yu

the space of symmetric trop rank 2

form a simplicial fan structure of
symmetric bicolored trees

symbic trees

eat
of

translating the point 0



































The space of 3 3 symmetric tropical
rank 2 matrices
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Shellability

Can we peel the simplicial complex of
symmetric tropical rank 2 matrices without breaking it




















































































Shellability
Shelling

A shelling of a pure dimensional simplicial complex

is a total ordering on the facets

so that two facets C's C there exists

another facet C such that

1 C'nc EC nc

2 C C

3 CIC is a vertex of C




















































































Shellability
Markwig Yu 2009

the space of rank 2 matrices is shellable




















































































Shellability
Markwig Yu 2009

the space of rank 2 matrices is shellable

Cat L Yu

the space of symmetric trop rank 2

is Shellable




















































































Shellability
3 3 l l l l

l I 3 3 2 2

2 2 2 2 3 3

1 I 2 2 3 3

3 3 3 3 1 1

2 2 1 1 2 2

3 3 1 1

42 14
3 2 23




















































































The matroid of symbic trees

1 2 1 2

a a

b

3
c 3

4 4




















































































The matroid of symbic trees

symmetric tropical ranka matrix
I 2 I 2

o a o o 2d dte dtf dty
ze etf ety

a a 1 Effett of figb dty ety fty 2g
3 3 Parametrizing translating the treeedge length
4 4




















































































The matroid of symbic trees

1 2 I 2 a o o

dtedtfdtgzeetfetga.att etfatt gb dty ety fty 2g
3

C 3 11 12 13 14 22 23 24 33 34 44

4
a o l o o o 0 0 0 0 0

4
b o o o o o o o l l l

C O O O O O O O O O 1

a 2 1 o o o o o o

e o 1 0 0 2 1 0 0 0

f o o I 0 0 1 0 2 1 0

9 0 0 0 1 0 0 1 0 1 2




















































































The matroid of symbic trees

1 21 2 o o

dtedtfdtgzeetfetga.atÉtat at gb dty ety fty 2g
3

C 3 11 12 13 14 22 23 24 33 34 44

4 4
a 0 1 0 0 0 0 0 0 0 0

5 8 8 8 0 8 t t t
d 2 1 I 1 0 0 0 0 0 0

e o 1 0 0 2 1 0 0 0

f o o I 0 0 1 0 2 1 0

9 0 0 0 1 0 0 1 0 1 2

distance parameter matrix




















































































The matroid of symbic trees

1 2 1 2
o l o o o 0 0 0 0 0

a a 0 0 0 0 0 0 0 I 1 1

b
0 0 0 0 0 0 0 0 0 1

c g g
4 4 0 0 1 0 0 1 0 1 2

the linear matroid of the

distance parameter matrix defines

the matroid of a symbic tree




















































































The matroid of symbic trees

1 2 1 2
o l o o o 0 0 0 0 0

a a

b
2 1 I 1 0 0 0 0 0 0

3 3 0 1 0 0 2 1 1 O O O

O O 1 0 0 1 0 2 1 0

4 4 0 0 1 0 0 1 0 1 2

bases of the matroid of symbic trees

characterize bases of

regular rank 2 symmetric matrices




















































































The matroid of symbic trees

1 2 1 2
o l o o o 0 0 0 0 0

a a

b
2 1 I 1 0 0 0 0 0 0

3 3 0 1 0 0 2 1 1 O O O

O O 1 0 0 1 0 2 1 0

4 4 0 0 1 0 0 1 0 1 2

bases of the matroid of symbic trees

characterize bases of

regular rank 2 symmetric matrices

Bernstein 2017 bases for rank 2 matrices




















































































The matroid of symbic trees

Cat L Yu

The collection of bases in the algebraic matroid

of rank 2 symmetric matrices

is the union of bases of matroids of

union of trees with caterpillar branches
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The matroid of symbic trees

Cat L Yu

The collection of bases in the algebraic matroid

of rank 2 symmetric matrices

is the union of bases of matroids of

union of trees with caterpillar branches

caterpillar symbic tree




















































































The matroid of symbic trees

Cat L Yu

The collection of bases in the algebraic matroid

of rank 2 symmetric matrices

is the union of bases of matroids of

union of trees with caterpillar branches
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